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ABSTRACT: The Doi-Edwards (DE) theory for the rheological properties of entangled polymer melts
and solutions successfully predicts the response to large step-shear strains but fails to predict other
nonlinear shear properties, such as the steady-state viscosity or the relaxation of stress after cessation
of steady shearing. Many of these failures remain even in the extension of the theory by Marrucci and
Grizzuti (Gazz. Chim. Ital. 1988, 118, 179)1 to allow deformation-induced “tube stretch”. Here, we find
that a much more successful theory can be obtained by also accounting for “convective constraint release”,
i.e., the loss of entanglement constraints caused by the retraction of surrounding chains in their tubes.
(Marrucci, G. J. Non-Newtonian Fluid Mech. 1996, 62, 279 and Ianniruberto, G.; Marrucci, G. J. Non-
Newtonian Fluid Mech. 1996, 65, 241).2,3 In the molecular model developed here, convective constraint
release can both shorten the reptation tube and allow reorientation of interior tube segments. The revised
model predicts many of the features of steady and transient shearing flows. These include a region of
nearly constant steady-state shear stress at shear rates between the inverse zero-shear reptation time
and the inverse Rouse time, similar to that seen in the experiments of Bercea et al. (Macromolecules
1993, 26, 7095)4 and also predicted by Marrucci and Ianniruberto (Macromol. Symp. 1997, 117, 233).5
The predictions of transient stresses after startup and cessation of shear are also in good agreement
with experiments, as are predictions of nonmonotonicity in the extinction angle after stepup or stepdown
in shear rate.

I. Introduction

The tube model and variations of it have proved
highly successful in describing the linear viscoelastic
properties of monodisperse and polydisperse entangled
linear and star-branched polymers. The major mech-
anisms of relaxation included in these theories are (1)
reptation of a linear polymer chain within the mesh of
constraints created by the surrounding chains, (2)
fluctuation of the length of the chain’s “primitive path”,
or average contour, within the mesh of constraints, and
(3) release of the constraints by motion of the surround-
ing chains.

For highly entangled, monodisperse, linear chains,
reptation is the dominant mechanism for slow flows, and
it gives a reasonably accurate prediction of the linear
properties, especially if one also includes relaxation of
chain ends due to fluctuations.6 For polydisperse melts
of linear chains, constraint release is important, since
fast motions of short chains remove topological barriers
and thus allow partial relaxation of long chains sooner
than would otherwise occur.7 Accurate, yet simple,
predictions for melts of arbitrary polydispersity can be
obtained using a simplified constraint-release descrip-
tion called “double reptation”.8-14

For star polymers, reptation is suppressed, and
relaxation occurs by a combination of fluctuations plus
constraint release. Ball and McLeish15 accounted for
these mechanisms by developing the concept of “dy-
namic dilution”, in which the gradual disappearance of
constraints leads to a progressive widening of the tube.
They thereby obtained predictions of the storage and

loss moduli in excellent agreement with those of nearly
monodisperse polyisoprene star melts over 4 decades of
frequency. Presumably, a combination of fluctuations
and constraint release could also describe the linear-
relaxation properties of polydisperse star melts, and of
mixtures of linear and star polymers, if reptation of the
linear chains is accounted for. Thus, theories of the
linear viscoelastic properties of entangled polymer melts
are rather well developed.

Theories for nonlinear properties are much less
advanced, however, even for the simplest case of mono-
disperse linear chains. The Doi-Edwards (DE) theory
accounts for nonlinear viscoelastic properties of such
chains by combining reptation with instantaneous and
complete chain retraction within a mesh of constraints
affinely deformed by the flow.16-18 “Complete” chain
retraction in the DE theory means that the length of
the tube occupied by the chain remains constant in any
flow. The predictions of the DE model for nonlinear
step-shear strains are in excellent agreement with data
for monodisperse, linear, entangled melts. However, in
other deformation histories, including steady-state shear,
the predictions do not agree even qualitatively with
experiments (see below).

A refinement of the DE theory by Marrucci and
Grizzuti, referred to as the DEMG theory,1,19,20 allows
chain retraction to be gradual and incomplete, so that
the tube can be “stretched” by the flow. By “tube
stretch”, we mean that the length of tube occupied by
the chain is increased above its equilibrium value.
Locally, the flow always deforms the tube affinely, but
at low strain rates the molecule retracts fast enough
that the length of occupied tube does not change. The
inclusion of tube stretch leads to improved predictions
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of overshoots in the first normal stress difference N1 and
in the shear stress σ12, and the correct dependences of
the strains at maximum overshoot on shear rate19

(assuming one of the parameters of the theory, the
“Rouse” relaxation time, is adjusted arbitrarily by a
factor of 4). However, the DEMG version does not
remove the other failings of the DE theory.21

Important features of the nonlinear rheological be-
havior of linear polymers that the DE and DEMG
theories fail to describe are as follows:

(1) Over a wide range of shear rates γ̆ above the
inverse reptation time 1/τd, the shear stress σ12 is nearly
constant for very highly entangled melts or solutions4

or increases slowly with shear rate for less highly
entangled ones; see Figure 1a. The first normal stress
difference N1 increases more rapidly with shear rate
than does the shear stress over the same range of shear
rate; again see Figure 1a. The slope of N1 versus γ̆ also
increases as the molecular weight decreases. The DE
and DEMG theories, on the other hand, predict a
maximum in σ12 followed by a region in which σ12
decreases with shear rate asymptotically as γ̆-0.5. N1-
(γ̆) is predicted by these theories to approach a constant
at high γ̆.

(2) Curves of shear viscosity versus shear rate for
different molecular weights merge in the high-shear-
rate, shear-thinning, regime nearly into a single curve;

that is, there is only a very weak dependence of viscosity
on molecular weight at high shear rate.22-25 The DE
and DEMG theories predict that at high shear rate in
the shear-thinning region the melt viscosity actually
decreases with increasing molecular weight.

(3) The steady-state value of the extinction angle ø,
measured in birefringence or mechanicallyssee Figure
1bsfalls more gradually than predicted by the DE
theory. The extinction angle is the orientation angle
that the dominant principal axis of the birefringence
tensor makes with the flow direction. The extinction
angle ø is given by (1/2) tan-1[2n12/(n11 - n22)] where
nij are the components of the birefringence tensor n,
with 1 and 2 representing the flow and flow-gradient
directions, respectively. For melts and concentrated
solutions of flexible polymers, these components are
related to the shear stress σ12 and first normal stress
difference N1 via the stress-optical rule,26 such that ø
) (1/2) tan-1(2σ12/N1).

(4) In the nonlinear regime, the rate of relaxation of
shear stress after cessation of steady-state shearing at
a rate γ̆0 increases with the prior shear rate27,28 γ̆0. The
DE and DEMG theories predict that the relaxation rate
is insensitive to γ̆0.

(5) After startup of fast steady shearing, the extinction
angle undershoots before reaching steady state; see the
first portion of the curve in Figure 2a. If, after a steady
state has been reached, the shear rate is suddenly
decreased, the extinction angle decreases before reach-
ing a higher steady-state value (Figure 2a; second
portion of curve). The reverse happens if the shear rate
is suddenly increased (Figure 2b).29 Such over- and
undershoots are not predicted by the DE and DEMG
theories.

Figure 1. (a) Shear stress σ12 and first normal stress
difference N1 as functions of shear rate for a 3 wt % solution
of 8.4 × 106 molecular-weight polystyrene in tricresyl phos-
phate at room temperature, obtained from optical measure-
ments of birefringence and extinction (or orientation) angle
in a circular Couette device described by Mead and Larson.54

(b) Extinction ratio as a function of shear rate from the same
measurements. The number of entanglements per molecule
can be estimated from the formula N ) φM/Me, where φ is the
polymer volume fraction, M its molecular weight, and Me the
entanglement spacing in the melt, given by Me ≈ 13 300 for
polystyrene according to Fetters et al.53 This gives N ≈ 20.
From linear viscoelastic measurements, we find the Rouse
time, τs, to be around 0.3 s; from the crossover of σ12 and N1,
we estimate the longest relaxation time τ1 to be 2 s.

Figure 2. Transients in the extinction angle ø with time after
startup of steady shearing and subsequent attainment of
steady state, followed at 20 s by (a) a stepdown in shear rate
by a factor of 5 from 9.44 s-1 (γ̆τs ≈ 3) to 1.89 s-1 (γ̆τs ≈ 0.6)
and by (b) a stepup of shear rate from 3.02 s-1 (γ̆τs ≈ 1) to
9.44 s-1 (γ̆τs ≈ 3). In part a, the “shoulder” at around 2 s is
an experimental artifact produced by the birefringence signal
passing over an order of retardance (from Mead29).
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These failures are no doubt related to each other; in
particular, the failure described in point 2 can be shown
to be a consequence of the excessive shear thinning
described in point 1. Indeed, most of the failings occur
because in fast shearing flow the theory predicts that
the tube segments become highly oriented in the flow
direction and hence present a very slim profile to the
flow. As a result, the flow “loses its grip” on the
molecules, leading to anomalously low friction and hence
low viscosity. These failings are not relieved by inclu-
sion of tube stretch via the DEMG theory. Indeed,
although the DEMG theory predicts that in fast shear-
ing the tube and the chain in it are (temporarily) highly
stretched and therefore contribute to a high viscosity,
the tube inevitably rotates to a small angle with respect
to the flow direction, and then the drag on the chain
collapses, leading to loss of tube stretch and a reduced
viscosity. Thus, the failures of even the rather sophis-
ticated DEMG version of the theory make clear how
deep the problems with the DE theory truly are,
especially in simple shearing flows.

Recently, Marrucci2 has pinpointed what we believe
is the key to the problem in the DE theory. He
recognized that while constraint release may be a slow,
and perhaps not so important, process when a mono-
disperse melt is at rest or undergoing slow flow, when
there is a flow that is fast compared to the inverse of
the reptation time, constraints surrounding a given
chain are rapidly swept away, leaving the chain much
more free to relax than is possible in pure reptation.
Ianniruberto and Marrucci3 refer to this mechanism as
“convective constraint release”, or CCR.

Despite this conceptual breakthrough, it has proven
difficult to develop a complete theory, one capable of
resolving all discrepancies described in points 1-5 while
simultaneously retaining the satisfactory features of the
existing theory, namely, the realistic behavior in step
shear and in stress overshoots in startup of shear. Of
course, one would also like, if possible, to avoid the use
of ad hoc assumptions or adjustable parameters in order
to retain the simplicity and universality of the original
DE and DEMG theories, which have only the plateau
modulus, reptation time, and Rouse retraction times as
independent constants (and these are fixed by molecular
characteristics and so cannot really be considered
adjustable). Because of the theoretical difficulties achiev-
ing a complete theory, Marrucci and co-workers have
developed models that incorporate plausible physical
ideas, but in simplified form. An important simplifica-
tion in such models is the neglect of the dependence of
orientation and stretch on the tube coordinate of chain;
i.e., it is assumed that all parts of the molecule share
the same orientation and degree of stretch. While this
approximation may seem severe, studies of such models
will hopefully eventually lead to the discovery of a
suitable complete theory.

In section II.A, we develop a new simplified model
which we believe is an appropriate formulation of the
CCR mechanism. We show in section II.B that this
model retains the successful features of the DE theory
and, in addition, captures the phenomena described in
points 1-4. While the simplified model fails to capture
the transients in ø described in point 5, we show that
these transients are, for the most part, captured by the
more detailed molecular theory developed in section III.
This latter “contour-variable” theory incorporates the
new constraint-release physics into a formalism that

allows dependence of the chain orientation and stretch
on the tube coordinate and also includes relaxation of
chain ends by fluctuations. Section IV summarizes the
results. In a subsequent paper, we will show that the
new theory, in both simplified and contour-variable
forms, can be extended in a natural way to account for
polydispersity in molecular weight. The simplified
theory for polydisperse systems collapses to the suc-
cessful double-reptation formalism in the limit of linear
viscoelasticity.

II. Simplified Model
II.A. Formulation. II.A.1. Chain-Stretching

Model of Pearson et al. The starting point for our
theory is the simplified version of the Marrucci-
Grizzuti extension of the DE model developed by Pear-
son et al.30 This theory contains three ingredients: an
expression for the orientation tensor S, one for a scalar
λ describing the stretch, and an expression for the stress
tensor σ in terms of S and λ. These equations are

Equation 1 is the same expression for the orientation
tensor S as in the original DE theory, with the minor
difference that here we have included only the single,
dominant, terminal relaxation time τd of that theory in
the relaxation spectrum. The tensor Q(E(t,t′)) in eq 1
is the deformation-dependent “universal” tensor of Doi
and Edwards defined by the deformation gradient
history E(t,t′):

where u′ is a unit vector distributed randomly over the
unit sphere and 〈 〉 represents an ensemble average over
all u′. The tensor Q is derived using the “independent
alignment approximation” (IAA), which has a few flaws
that are absent from the contour-variable theory in
section III. GN

0 is the entanglement plateau modulus.
Equations 1 and 3 with λ set to unity is just the DE

equation, simplified by omission of all but the longest
relaxation time. As described earlier, the only nonlinear
rheological function that it describes well is the relax-
ation modulus at long times after a step strain. The
Marrucci-Grizzuti extension of the DE equation cor-
rects a major omission of the DE equation, namely, the
stretching of the tube that occurs in flows faster than
the inverse of the Rouse time for relaxation of the chain
within the tube. While Doi and Edwards recognized the
existence of the stretching process (and, indeed, dis-
cussed it at some length), for simplicity they assumed
the Rouse relaxation to be very much faster than both
reptation and the shearing rate, so that the tube always
remains unstretched.

Tube stretching can be added to the DE theory in a
simplied way by allowing λ in eq 3 to exceed unity and
then including eq 2 in the DE’s equation set. Equation
2 is the expression for the contour length of the
primitive path, or “tube”, describing the coarse-grained

S ) ∫-∞

t dt′
τd

exp(-(t - t′)/τd)Q(E(t,t′)) (1)

λ̇ ) λK:S - 1
τs

(λ - 1) (2)

σ ) 5GN
0 λ2S (3)

Q ≡ 〈E‚u′E‚u′
|E‚u′|2 〉

0
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path of the chain in its mesh of constraints. This length
L is normalized by its equilibrium value L0 so that λ )
L/L0. Equation 2 contains a “stretch” term λK:S, where
K is the velocity gradient tensor; this term leads to affine
stretching of the molecule due to hydrodynamic drag
on it from the mean-field friction of surrounding chains.
The second term on the right side of eq 2 governs the
relaxation of stretch, which is controlled by the longest
Rouse time (or “stretch time”) of the chain within the
tube, τs. For strain rates much less than 1/τs, the
inverse Rouse time, λ remains near unity and the
original DE equation is recovered. For “fast” flows, i.e.,
flows for which γ̆τs > 1, the chain can stretch; i.e., λ can
exceed unity.

Calculations with eqs 1-3, and with the more com-
plete rigorous equation set proposed by Marrucci and
Grizzuti, show that the inclusion of this chain-stretching
process does improve the predictions of the theory for
startup of fast shearing flows. The original DE equation
predicts that, after the onset of shearing, there is an
overshoot in the shear stress σ12, but not in the first
normal stress difference N1. It also predicts that the
strain at the overshoot in σ12 is insensitive to shear rate.
These predictions are contradicted by experimental data
which show large overshoots in both σ and N1, which
occur at strains that increase with increasing shear rate.
The DEMG theory, on the other hand, predicts over-
shoots in both the shear stress and the first normal
stress difference after startup of a fast shearing flow,
and, furthermore, it predicts that the strains at the
overshoot increase with increasing shear rate when γ̆
> 1/τs, in agreement with the experiments.

Unfortunately, the improvement brought about by
inclusion of tube stretch is limited to the features of the
stress curves in startup of shearing, just described.
When steady state is attained in shear, the predictions
of the DEMG theory are just as bad as those of the DE
theory. That is, the steady-state shear viscosity curve
continues to show excessive shear thinning, with a
power-law exponent of -0.5 for the shear stress at high
shear rate. This may seem counterintuitive. One would
think that at high shear rates the chain would be
stretched, that is, λ would exceed unity, and the stress
would then be increased, according to eq 3. Indeed, λ
does increase from unity initially after startup of a fast
shearing flow, and this produces the overshoot in N1,
which is missing from the DE theory. However, the
shearing also rotates the chain into the flow direction,
which decreases the shear component S12 of the orienta-
tion tensor S. This decreases the stretching term λκ:S
in eq 3, which in simple shearing is λγ̆S12. Thus, as
the shear rate γ̆ increases, S12 at steady state decreases,
and the product γ̆S12 at steady state is insensitive to
shear rate. Hence, only during the transient period
after startup is γ̆S12 large enough to drive tube stretch-
ing. Once S12 falls due to chain orientation, λ begins to
drop back toward unity and the stress collapses back
toward the DE value. (This lack of chain stretch in
shear, but not in extension, plays an important role in
a recent molecular theory for branched polymers by
McLeish and Larson.31)

A more generic problem with the DEMG theory is that
even the transient chain-stretching effects that it does
capture only occur at shear rates high enough that γ̆τs
J 1. For high-molecular-weight polymers, τd . τs, and
there is a wide range of shear rates γ̆ in the nonlinear
regime for which 1/τd < γ̆ < 1/τs. In this regime the

flow is not fast enough to stretch chains, and the DEMG
theory reduces to just the DE theory again. Since the
predicted maximum in shear stress in the DE theory
occurs at γ̆ ≈ 1/τd, it follows that for high molecular
weights the DEMG theory, or any theory that merely
adds tube stretch with a Rouse time constant to the DE
theory, will continue to predict a maximum in the
steady-state shear stress as a function of shear rate.

What is needed, therefore, is a nonlinear relaxation
mechanism that is active whenever γ̆τd > 1, that is,
throughout the nonlinear regime, and not just in the
regime where γ̆τs > 1. As discussed by Marrucci and
Ianniruberto,2,3 the most important mechanism missing
from both the DE and DEMG theories is CCR. CCR is
expected to occur when the mesh of constraints is
flowing faster than the chain contained within it can
relax, that is, when γ̆ is larger than 1/τd. Incorporation
of this effect into eqs 1-3 should then lead to a more
successful model.

To incorporate CCR into the equations of Pearson et
al., we must cope with this model’s partitioning of stress
into two contributions: the tube orientation S and the
tube stretch λ. Of course, both stretch and “orientation”
are manifestations of a single fundamental quantity, the
bond-orientational order, which is the only source of
stress in this model. Figure 3a-d depicts the relaxation
of bond orientational order for a small portion of a
polymer chain in the absence of flow. (A longer portion
of this chain might have multiple folds but with bonds
oriented along the same axis.) In Figure 4a-d, we
superimpose onto this same sequence of chain configu-
rations the constraints imposed by other chains, which
we represent by small circles, and the tube in which the
chain resides. The thin solid lines represent a tube
whose diameter is that of the equilibrium chain, i.e.,
the entanglement spacing for the melt at rest. We
suppose in Figure 4 that the constraints are fixed, so
that the chain relaxes by retraction and reptation only.

Figure 3. Relaxation of a portion of an initially highly
deformed polymer chain.
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The relaxation of the stress tensor is derived from eq 3:

where S0 is the orientation tensor at the start of
relaxation and P(t) is the fraction of tube segments that
remain oriented at time t.

In Figure 4a, the chain is stretched, λ > 1, which
implies that it cannot explore its equilibrium tube,
represented by the solid lines. The tube it actually
explores on time scales that are short compared to the
retraction time τs is shown by the dashed lines and is
set by the lateral spacing of the entanglement con-
straints. Retraction occurs by Rouse processes, which
wrinkle the chain to the maximum extent possible
within the fixed constraints; see Figure 4b. On time
scales longer than τs but much shorter than τd, the
occupied tube therefore widens and it shortens its length
to that of the equilibrium tube. Thus, the stretch λ
decreases to unity, while the tube segmental orientation
remains near unity. Further relaxation must occur by
the much slower process of reptation. The effect of
reptation, depicted in Figure 4c,d, is for the chain to
escape the constraints and explore regions outside the
equilibrium tube. This is represented within reptation
theory by a reorientation of tube segments, i.e., a
decrease in P(t). If we were to insist on maintaining a
fully oriented tube while still predicting the correct

stress according to eq 4, we would have to allow the tube
to shorten below its equilibrium length; i.e., λ would
have to be allowed to decrease below unity, as the tube
continues to widen, illustrated by dashed lines in Figure
4c,d. However, because the retraction process is gov-
erned by a time constant that is much shorter than that
for reptation, λ can be kept from shrinking below unity
and a clear distinction can be maintained between tube
shrinkage and tube reorientation.

When the constraints are not fixed, however, this
separation of time scales no longer holds. Thus, con-
sider a thought experiment in which the only means of
relaxation of the test chain is by constraint release.
Suppose some fraction of the constraints are released,
and we consider time scales so short that the test chain
can only execute localized Rouse motions, which permit
reorientation of small pieces of the chain but do not
allow either reptation or Rouse motion of the whole
chain (which occur on time scales of τs or longer). Figure
5a-d shows two alternative descriptions of the effect
of constraint release on the orientation and stretch of
an initially stretched and oriented tube. In Figure 5a,b,
the removal of two constraints (the x’s) leads to tube
shortening but no tube segment reorientation. In
Figure 5c,d, the removal of the same constraints leads
to tube segment reorientation but little or no tube
shrinkage. Note that the chain configurations in Figure
5a,b are identical to those in Figure 5c,d; only the tube
is different. Thus, the stress and bond orientational
order is the same in the two descriptions.

Hence, when only constraint release is active, we have
the luxury of two alternative descriptions of stress
relaxation: we can reduce the primitive-path length or

Figure 4. Relaxation of the chain in Figure 3 now viewed in
terms of the tube model. The thin solid lines show the DE tube
with constant diameter, and the small circles are constraints
imposed by other chains. In parts a-c, the vertical dashed lines
mark the tube segments. The horizontal dashed lines show
an oriented tube whose diameter grows as the chain relaxes
so as to encompass the relaxed chain. (a) The polymer chain
is oriented (P ) 1) and stretched (λ > 1), so that it occupies a
tube that is longer and thinner than the equilibrium tube. (b)
The chain stretch has relaxed (λ ) 1), but the chain has not
yet escaped the equilibrium oriented tube (P ) 1). (c) The chain
begins to escape the equilibrium tube, so the tube must
reorient (solid lines) or its diameter must increase beyond the
equilibrium diameter (dashed lines).

σ ) 5GN
0 λ2(t) P(t)S0 (4)

Figure 5. Two alternative descriptions of the effect of
constraint release on the tube. (a and b) Two constraints (the
x’s) are removed by allowing the chain to relax. Since the tube
does not fully occupy the tube (i.e., λ > 1), the chain relaxation
results in a shorter, but still oriented, tube. (c and d) The same
constraints are released and the chain relaxation is identical
with that in parts a and b, but the chain fully occupies the
tube (λ ) 1) and so relaxation must be described in terms of
tube reorientation rather than tube shrinkage.
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reduce the tube-segment orientation. In the following,
we show how each of these choices relaxes the same
amount of stress when only constraint release occurs.
We then show that the equivalency between tube stretch
and tube orientation is sacrificed when reptation and
retraction are turned on. We develop for that case a
method of apportioning the effects of constraint release
between tube stretch and tube orientation.

II.A.2. Effect of Constraint Release on the Tube
Length. Let us first consider how constraint release
can reduce the primitive-path length without changing
the average primitive-path orientation. Figure 6a
shows the primitive path of a chain lodged in a mesh
containing both “permanent” constraints (the o’s) and
“transient” ones (the ×’s). This system is deformed in
Figure 6b. When the transient constraints are removed
in Figure 6c, the chain can explore a wider tube and
the primitive path is therefore shortened. In Figure 6,
the fraction of constraints removed is 3/4. The amount
of polymer in the given chain that is contained between
two adjacent constraints is therefore increased on
average by a factor of 4. Since, by definition, the chain
executes a random walk between two adjacent con-
straints, the length of each step in the new primitive
path must be increased by a factor of 2. There are only
1/4 as many steps, however, so the total length of the
primitive path is only half as long as before. General-
izing this argument, we find that the relationship
between the length of the primitive path (L) and the
number of constraints (n) is L ∝ xn. If the number of
entanglements changes because of constraint release,
L will therefore change as

where k ) -n̆/n is the normalized rate of constraint
release (i.e., 1/k is the lifetime of a constraint). Since λ
≡ L/L0, we have

While this process of constraint release decreases the
length of the primitive path, it has no tendency to
change the average orientation of each step of the
primitive path. To see this, we again return to our
thought experiment, in which we have deformed the
original tube affinely and then removed 3/4 of the
constraints, leaving the other constraints alone. If we
had removed 3/4 of the constraints first and then
deformed the tube rather than the other way around,
this would not have changed the resulting primitive
path; see parts b′ and c of Figure 6. No matter what
the lengths of the original steps in the primitive path
are, these steps experience an affine rotation as a result
of the deformation. Thus, in this description, removal
of constraints following the step strain shortens the
primitive path but does not change the average orienta-
tion of the steps in the path.

II.A.3. Effect of Constraint Release on Tube
Orientation. We now describe the effects of constraint
release in terms of tube segment reorientation. Return-
ing to our thought experiment in which we remove 3/4
of the constraints, we assume that this allows 3/4 of the
tube segments to reorient, with no change in stretch λ.
Thus, the tube segment survival probability P is reduced
by a factor of 4, and so is the bond orientational order
and stress. This result is consistent with the tube-
shortening picture; in that case removal of 3/4 of the
constraints led to a reduction of the stretch λ by a factor
of 2. Since the stress tensor is proportional to λ2 (see
eq 4), tube shortening also reduces the stress 4-fold.

When only constraint release is occurring, at a rate
k, the tube-survival probability P(t) satisfies

Because σ ∝ λ2(t) P(t), eq 6, which describes constraint
release in terms of tube reorientation, relaxes the same
amount of stress as eq 5, which describes constraint
release in terms of tube shortening.

II.A.4. Crossover between Tube Shortening and
Tube Reorientation. When we turn reptation and
retraction back on, the equivalence between tube short-
ening and tube reorientation cannot be maintained, at
least within the formalism of Pearson et al., because of
the large difference in the time scales between τs and
τd. We must now enforce the condition that λ g 1. This
can be done most simply by changing eq 5 to

This implies that as tube shortening nears completion,
constraint release is no longer manifested in tube
shortening but must increasingly be manifested in tube
reorientation. Thus, as we “switch off” tube shortening,
we must “switch on” tube reorientation. The switching
on of tube reorientation can be done by including a
crossover or “switch” function f(λ) in eq 6:

Here f(λ) must approach unity when λ nears unity, and
f(λ) approaches zero when λ is large. A simple, but ad
hoc, form for the switch function is just an exponential,
f(λ) ) exp(-(λ - 1)).

Figure 6. (a) Equilibrium primitive path of eight steps in a
mesh of constraints suddenly deformed in a step strain (b).
Then, 3/4 of the constraints are removed (c), resulting in loss
of 3/4’s of the steps and a decrease in the length of the primitive
path by a factor of 2. (b′) 3/4 of the constraints are removed
before the step deformation; the chain configuration after the
step deformation is still given by part c.

d
dt

ln(L(t)) ) L̇
L

) 1
2

n̆
n

) - 1
2
k

λ̇constraint release ) - 1
2
kλ (5)

∂P
∂t |constraint release

) -kP (6)

λ̇constraint release ) - 1
2
k(λ - 1) (7)

∂P
∂t |constraint release

) -f(λ) kP (8)
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To derive a self-consistent formula for f(λ), we return
to our observation that, in the absence of other mech-
anisms of relaxation, constraint release should produce
the same rate of stress relaxation whether it manifests
itself as tube shortening or tube reorientation or, we
might add, some combination of the two. We, therefore,
derive f(λ) by enforcing this equivalency on eqs 7 and
8. Thus, for a tube that is initially stretched to λ ) λ0
and oriented so that S ) S0, we consider in case 1
relaxation by tube reorientation only and in case 2
relaxation by a combination of tube reorientation and
tube shortening, determined by the switch function f(λ).
For case 1, the stress relaxes as

In case 2, where we allow relaxation via both tube
reorientation and tube shortening,

where λ(t) and P(t) are the solutions of eqs 7 and 8:

Equating the stress in case 1 with the stress in case 2
yields a Volterra integral equation:

The solution to this equation is just f(λ) ) 1/λ.
This derivation of the switch function, while better

motivated than the ad hoc exponential f(λ) ) exp(-(λ
- 1)), nevertheless depends on the expression we have
chosen for λ̇constraint release in eq 7. That is, the magnitude
of f(λ) for λ > 1 depends on how much of the constraint
release is unaccounted for in eq 7. If we were to replace
the right side of eq 7 by a function that more rapidly
approaches -1/2kλ for λ > 1, then f(λ) derived from the
self-consistent argument would fall to zero more quickly
when λ > 1. Fortunately, we find from calculations
using both the “ad hoc” switch function f(λ) ) exp(-(λ
- 1)) and the “self-consistent” function f(λ) ) 1/λ that
the predictions of the theory are not very sensitive to
the precise form of f(λ), for shear rates where the theory
is applicable, that is, for γ̆τs < 10.

II.A.5. Rate of Constraint Release due to Con-
vection. The constraint-release process we are inter-
ested in here is that produced by convection of the
chains surrounding the test chain. Not all convections
or deformations will release constraints, however. In
particular, if one rapidly deforms the polymer melt such
that all chains deform affinely, then a test chain and
its surrounding mesh will be deformed together, and all
constraints on the test chain will survive. There will
then be no constraint release. As recognized by Viovy
et al.38 and Marrucci and Ianniruberto,2,5,39 constraint
release will occur when the chains composing the mesh
begin to undergo their retraction processes, i.e., when λ
for the surrounding chains begins to decrease. For then,
the constraints that the mesh chains impose on the test
chain will begin to disappear. To be sure, new con-
straints will replace the old ones, but during this

process, the interior portions of the test chain will have
a chance to relax. Thus, the rate of convective con-
straint release, k, should be equal to the rate of
convection of mesh of entanglements, K:S, relative to
the rate at which the test chain is stretched, L̇/L.
Hence,2

Note that when the test chain deforms affinely, L̇/L )
K:S, and k ) 0.

II.A.6. Constitutive Equation. By incorporating
eq 7, the constraint-release contribution to λ̇, into eq 2,
and the contribution to chain reorientation, eq 8, into
eq 1, using eq 9 for k, we obtain the set of equations for
the simplified constraint-release model:

The above equation set has two constraint-release
terms; one is the last term in the equation for the tube
survival probability, eq 10, and the other is the last term
in the equation for stretch, eq 12. The first of these is
important if the chain is not under tension. For then,
the chain may be oriented, but it is able to explore the
full volume of its tube; i.e., it has plenty of “slack”. The
release of constraints in this case can allow a slack chain
segment to escape the tube and reorient; see Figure 5d.
This is accounted for by the last term in eq 10. The
other constraint-release term is dominant if the chain
is under tension (i.e., λ > 1). Then, its primitive-path
length is longer than equilibrium, and it cannot explore
the entire volume of a tube whose diameter is that of
the tube in the equilibrium melt; see Figure 5a. Thus,
the chain has a shortage of slack, and the release of
constraints will lead to a shortening of the length of the
primitive path and a reduction in the stretch λ; see
Figure 5b. This is accounted for in eq 12. Apart from
these terms, eqs 10-13 are identical to eqs 1-3, with
one additional, rather trivial, exception, namely, the
incorporation of the factor of λ2 multiplying τd in eq 10.
This factor is included to make the equations of the
simplified model consistent with those of the detailed
molecular model described in section III; it accounts for
the increase in the reptation time produced by the flow-
induced lengthening of the molecule’s primitive path.
Since this only occurs when the chain is under tension
(λ > 1) and under these conditions the dynamics are
dominated by retraction and convective constraint
release, the inclusion of this factor produces little
difference in the model prediction but is included for
consistency with the contour-variable model in section
III.

We note that an alternative approach to account for
constraint release is to consider the tube diameter to
be time dependent, so that constraint release reduces
bond-orientational order in only one way, namely, by
expanding the tube diameter and thereby decreasing the

k ) (K:S - L̇
L) (9)

∂P(t,t′)
∂t

) - 1
λ2τd

- f(λ)(K:S - λ̇
λ) (10)

S ) ∫-∞

t
dt′

∂P(t,t′)
∂t′ Q(E(t,t′)) (11)

λ̇ ) λK:S - 1
τs

(λ - 1) - 1
2(K:S - λ̇

λ)(λ - 1) (12)

σ ) 5GN
0 λ2S (13)

σ(t)|1 ) 5GN
0 λ0

2e-ktS0

σ(t)|2 ) 5GN
0 λ2(t) P(t) S0

λ - 1 ) (λ0 - 1) exp(-kt/2)

P(t) ) exp{-k∫0

t
f(λ(t′)) dt′}

λ0
2e-kt ) exp{-k∫0

t
f(λ(t′)) dt′}[1 + (λ0 - 1)e-kT/2]2
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length of the primitive path. Such an approach has
proved successful in describing linear relaxation in
polydisperse melts of linear chains7 and in relaxation
of branched polymers,15 for example. Marrucci and co-
workers5,32 and Wagner and co-workers33,34 have also
explored the possibility of using a variable tube diam-
eter for the nonlinear rheology of linear chains, espe-
cially in step-shearing deformations. However, it ap-
pears to us that for an arbitrary nonlinear deformation
history, a time-dependent tube diameter is conceptually
and mathematically unwieldy, and so we prefer to
ignore the tube diameter and instead allow constraint
release to reduce either the length of the primitive path
or the average orientation of each step of the path,
depending on whether or not there is significant tube
stretch.

Finally, we should add that our treatment only
accounts for fast constraint-release processes that are
associated with the largest contributions to the modulus.
The slowest constraint-release process is governed by
the Rouse time of the long chain in a “solvent” composed
of the short chains, and hence its time scale is propor-
tional to the reptation time of the short chains multi-
plied by the square of the number of entanglements in
the long chain.35-37 This long time scale is associated
with a relatively small contribution to the modulus,14

however, and is neglected here. Milner14 discusses the
conditions under which the this picture of constraint
release is likely to be valid.

II.B. Predictions. In this paper, we will focus
mainly on the predictions of the simplified model for
various simple shearing histories, especially the flow
histories for which the failings of the DE model are most
notorious. Predictions for extensional and flows will be
considered only briefly here. The theory contains only
three parameters: the reptation time τd, the Rouse time
τs governing the tube stretching/retraction process, and
the plateau modulus GN

0 . These are the same param-
eters of the ordinary DE model and its extension by
Marrucci and Grizzuti. In this section, we shall nor-
malize all stresses by the plateau modulus GN

0 and
time and shear rate by the Rouse time τs. This leaves
the ratio τd/τs as the only parameter of the model. This
parameter is controlled by the polymer molecular weight

(M) and concentration; theoretically, in the absence of
fluctuation effects, one should have τd/τs ) 3N, where
for melts N ) M/Me is the number of entanglements
per chain, with Me being the entanglement spacing.

II.B.1. Steady-State Shearing. In Figure 7a-c, we
plot the steady-state values of the shear stress σ12 and
the first normal stress difference N1 for τd/τs ) 50, 150,
and 500 (corresponding to chains with 17, 50, and 170
entanglements per molecule), using the self-consistent
switch function, f(λ) ) 1/λ. As in the DE theory, in each
case, there is the expected linear viscoelastic regime at
low shear rates, γ̆ j 1/τd, in which σ12 ∝ γ̆ and N1 ∝ γ̆2.
The predictions of the theory at shear rates in excess of
1/τd are very different from those of the DE or DEMG
theories, however. Note that there is a nearly constant
shear stress over a wide range of shear rates that
extends from roughly γ̆ ≈ 1/τd to γ̆ ≈ 10/τs; i.e., it
becomes ever wider as τd/τs increases (i.e., as the
molecular weight or concentration increases). The shear
stress is not exactly constant in this regime but de-
creases very slightly with increasing shear rates in the
range 5/τd j γ̆ j 0.5/τs. The minimum value of η is only
about 10% less than the value at the local maximum
near γ̆ ≈ 1/τd. Hence, the behavior predicted by the new
model is quite different, and much more realistic,
compared to that of the DE model, for which σ12 ∝ γ̆-0.5

at shear rates above 1/τd.
The predictions obtained from the ad hoc exponential

switch function f(λ) ) exp(-(λ)) are shown in Figure 8a-
c. They are very similar to the predictions shown in
Figure 7a-c, except for high γ̆τs J 10, where the stresses
for the self-consistent switch function are somewhat
higher than those for the ad hoc switch function. In
this range of very high shear rates, however, the
behavior ought to be strongly influenced by higher-mode
Rouse-like relaxation times that are shorter than the
longest Rouse mode. Since such relaxation mechanisms
are omitted from the theory, we do not consider the
predictions of the model in to be valid in this regime
anyway. In what follows, calculations with the simpli-
fied model are presented only for the self-consistent
switch function f(λ) ) 1/λ. Similar results were obtained
with the ad hoc switch function.

Figure 7. Steady-state values of the reduced shear stress σ12/GN
0 and first normal stress difference N1/GN

0 as functions of
dimensionless shear rate γ̆τs predicted by eqs 10-13 for τd/τs ) (a) 50, (b) 150, and (c) 500, where τd is the reptation time and τs
is the Rouse retraction time. The self-consistent switch function, f(λ) ) 1/λ, is used here and in Figures 9-13.
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Compare now the predictions in Figure 7a with the
measurements in Figure 1a on a polystyrene solution
with a similar entanglement density, i.e., a similar value
of τd/τs ≈ 50. The behaviors of the predicted shear stress
and first normal stress difference are quite similar to
the measured responses. The measured curves have
slightly higher slopes than those predicted, but we shall
see later that even these disparities are greatly reduced
when primitive-path-length fluctuations are accounted
for in section III.B.

While the behavior in the regime γ̆ < 1/τd is controlled
by reptation and is the same as that predicted by the
original DE theory and the behavior at γ̆ > 1/τs is
influenced by tube stretching, CCR introduces a new
“intermediate” regime between the reptation regime (γ̆
< 1/τd) and the chain-stretching regime (γ̆ > 1/τs).
Stress relaxation in this intermediate regime (1/τd < γ̆
j 1/τs) is dominated by constraint release; both chain
stretching and ordinary reptative relaxation are virtu-
ally irrelevant. The relaxation process in the interme-
diate regime is described and contrasted with that of
ordinary reptation in appendix A. For τd/τs . 1, the
constraint-release regime is very broad, and in the
middle of the regime one can neglect entirely both
reptation and chain stretching. In that case, which is
analyzed in appendix B, one finds that both the shear
stress σ12 and the first normal stress difference N1

approach constant values, σ12/GN
0 ) 0.615 and N1/σ12 )

5.44. This intermediate shear-rate regime also appears
in the theory of Marrucci and Ianniruberto;5 in fact, the
shear-stress curve for â ) 1 in their theory is identical
to ours in the limit of very large τd/τs, with γ̆τs j 1.

We compare the shear viscosity curves for the three
different entanglement densities in Figure 9. As a basis
for comparison, we have assumed that the curves
correspond to melts of different molecular weight and
that the reptation scaling τd ∝ M3 and τs ∝ M2 applies.
Thus, we take τs ∝ (τd/τs)2. Hence, to obtain Figure 9,
the shear-rate axes of parts b and c of Figure 7 are
rescaled by factors of (150/50)2 and (500/50)2, respec-
tively, relative to that for Figure 7a. Since the viscosity
is the stress divided by the shear rate, the viscosities
must be rescaled by similar factors. Note that all the
viscosities nearly collapse to a common curve at high
shear rates, similar to the behavior observed in experi-
ments.

The realistic behavior of the theory is a consequence
of its accurate predictions of the steady-state extinction
angle ø and the tube stretch λ as functions of shear rate.
These are shown in Figure 10a,b for the case τd/τs ) 50.
Note that ø is predicted to decrease at first rapidly with
increasing shear rate and then much more slowly. This
prediction compares very favorably with the measured
ø values in Figure 1b for an entangled polystyrene
solution. As expected, the stretch λ remains nearly
relaxed at unity as long as the shear rate is less than
the inverse Rouse relaxation time 1/τs. However, once
γ̆τs exceeds unity, λ begins to increase modestly, up to
around 1.7 at γ̆τs ) 10. The predicted behaviors of both
ø and λ contrast strongly with the predictions of the
original DE model and of the DEMG model. Both these
models predict a continued rapid drop in ø at shear rates
much above 1/τd. This rapid drop in ø means that the
tube segments rotate nearly completely into the flow
direction, where the shear flow can no longer exert much
drag, and the chain cannot therefore sustain stretch.

To be more precise, the term in eq 12 that drives tube
stretching is K:S ) γ̆S12. A low value of the extinction
angle ø implies that S12 is small; hence, the chain will

Figure 8. Same as Figure 7, except that the ad hoc switch function, f(λ) ) exp(-(λ - 1), is used.

Figure 9. Steady-state reduced shear viscosity versus shear
rate for τd/τs ) 50, 150, and 500, corresponding to successively
higher molecular weights of a melt predicted by eqs 10-13.
The curves are scaled using the assumptions that τs ∝ M2 and
τd ∝ M3, where M is the chain’s molecular weight; thus, M is
proportional to τd/τs.
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not be able to maintain a stretched configuration. When
the influence of convective constraint release is incor-
porated into the equation for the orientation tensor via
eqs 10 and 11, however, ø does not decrease so rapidly
and λ can begin to increase when γ̆ > 1/τs. This effect
is delicately balanced, so that runaway tube stretching
does not occur for γ̆τs > 1. When the chain begins to
stretch significantly, the tube-segment reorientation
mechanism is attenuated by the suppression of the
constraint-release term (last term) via the switch func-
tion in eq 10. When this happens, ø will begin to
decrease, and this will lead to a shrinkage of the chain
length via eq 12. If the chain tries to shrink too much,
however, the chain-segment reorientation process is
reactivated, and ø begins to increase again, which
arrests the decrease in λ via eq 12. Thus, the retreat
of the chain ends back into the tube does not turn into
a complete rout, which would lead to catastrophic shear
thinning, as occurs in the DE and DEMG models.
Stretch and orientation therefore balance themselves
in such a way that a region of nearly constant shear
stress is obtained over a range of shear rates that
extends up to γ̆τs ) 10.

II.B.2. Startup and Cessation of Shearing. Fig-
ure 11 shows the growth of the shear stress σ12 and first
normal stress difference N1 after startup of steady
shearing at γ̆τs ) 1, 2, 5, and 10, the last three of which
are high enough to induce significant tube stretching.
Note that, for γ̆τs J2, both σ12 and N1 show transient
overshoots; at each γ̆τs the overshoot in N1 occurs at a
higher shear strain than that for the shear stress.
These overshoots, and the strains at which they occur
as functions of γ̆τs, are in qualitative agreement with
experimental data.19 The overshoots are also predicted
by the DEMG theory and occur in the new model for
the same reason they do in the old one: the large driving
force for tube stretch induced by onset of fast flow

diminishes once the chains become oriented toward the
flow direction, i.e., once ø becomes low.

Figure 12 shows the relaxation of the shear stress,
normalized by its initial value, after cessation of steady
shearing for τd/τs ) 50 and 10. These predictions show
that when the shear rate is much less than 1/τs, the
stress relaxation is independent of the steady shear rate
and is controlled by the reptation time τd. At higher
shear rates, however, the rate of relaxation is initially
faster by a factor that is roughly proportional to the
previous shear rate γ̆. Later in the relaxation process,
at t > τs, the relaxation rate reverts back toward a rate
governed by τd. This behavior, which is observed in
experiments,27,28 is a consequence of relaxation of chain
stretch and its effect on the constraint-release term in
eq 10. Note that this accelerated relaxation only begins
to occur when the tube is stretched, i.e., λ > 1. If γ̆τs <

Figure 10. Steady-state values of (a) extinction angle ø and
(b) stretch λ as functions of dimensionless shear rate γ̆τs for
τd/τs ) 50, predicted by eqs 10-13 for τd/τs ) 50.

Figure 11. Dimensionless shear stress σ12/GN
0 (thick lines)

and first normal stress difference N1/GN
0 (thin lines) as func-

tions of strain γ after startup of steady shearing at high
dimensionless shear rates γ̆τs ) 1, 2, 5, and 10, predicted by
eqs 10-13 for τd/τs ) 50. As γ̆τs increases, the maxima in σ12
and N1 become more pronounced and shift to higher strains.

Figure 12. Relaxation of shear stress σ12 reduced by its value
σ12

ss ) σ12(0) at steady state as a function of dimensionless
time t/τs after cessation of steady-state shear, for prior
dimensionless shear rates γ̆0τs of 0.01, 0.1, 1, and 10, predicted
by eqs 10-13 for (a) τd/τs ) 50 and (b) τd/τs ) 10.

7904 Mead et al. Macromolecules, Vol. 31, No. 22, 1998



1, on the other hand, after cessation of shearing, γ̆ and
λ̇ are both zero, and CCR is therefore shut off im-
mediately. Hence, for γ̆τs < 1, the relaxation time τ
immediately reverts to equilibrium value τd.

II.B.3. Step Shear. Figure 13a shows the predic-
tions the model makes for the nonlinear modulus G(γ0,t)
≡ σ12/γ0 describing relaxation after step shears of
various magnitudes γ0. The results are qualitatively
similar to experimental data, for example, the data of
Osaki and co-workers.18,40 At short times, t/τs , 1, the
failure of the moduli to coalesce onto a common line is
largely due to the independent alignment approximation
(IAA). Marrucci and Ianniruberto39 have noted that
CCR, if applied naively to the problem of relaxation after
a step strain, produces overly severe stress relaxation.
This is because CCR occurs after the step shear as a
result of the retraction of chains surrounding a given
chain. The release of these constraints relaxes stress
and therefore leads to a smaller stress than that
predicted by the DE theory. However, the DE theory
already predicts this stress accurately; in fact, this one
success of the theory is largely responsible for the wide
interest and acceptance of the DE model as at least a
starting point for understanding the nonlinear rheology
of entangled polymer melts and solutions.

Thus, incorporation of CCR into the DE reptation
theory cannot improve the theory’s already excellent
prediction of the step-strain response but might well
degrade it. An improvement in the predictions of
steady-shear-flow behavior by incorporation of CCR
would be but a Pyrrhic victory if this addition to the
theory should destroy its ability to predict accurately
the response in a step strain. Calculations with our
equations show, however, that any such degradation in

the predictions of the step-strain response is small;
Figure 13b (symbols) shows the nonlinear “damping
function” extracted from the curves in Figure 13a by
plotting the “plateau modulus” G(γ0,t/τs ) 10) normal-
ized by its low strain (γ0 ) 0.25) value at a fixed time
t/τs ) 10 against step-shear strain γ0. The results are
similar to the DE damping function, which agrees well
with that measured by Osaki and co-workers for poly-
styrene solutions in the moderately entangled regime.
The largest deviation from the DE damping function
occurs at large strains; this deviation is toward an
increase in strain softening. CCR produces a multipli-
cative correction, hCR(γ0), to the DE damping function
hDE; i.e., h(γ0) ) hDE(γ0) × hCR(γ0). At high strains and
for large τd/τs, hCR approaches an asymptotic value of
exp(-0.5963) ) 0.5508 for the ad hoc switch function
and exp(-1) ) 0.3679 for the self-consistent one; see eq
C17 in appendix C.

It is difficult to assess whether or not this modest
deviation of h(γ0) from hDE(γ0) should be a cause for
concern. Agreement with the DE damping function is
good for monodisperse melts and solutions with N )
20-50 entanglements/molecule.41 Monodisperse melts
and solutions with considerably fewer than N ) 20
entanglements/molecule show upward departures in
h(γ0) from the DE theory,42 while those for which N g
50 show large downward departures,43-46 due to either
slip47 or strain inhomogeneities.48 In addition, in the
contour-variable model to be described below, the devia-
tion from the DE damping function appears to be even
less than that in the simple model discussed here.
Thus, the small departure from the DE damping func-
tion at high strain is probably not significant.

The reason CCR does not produce a much larger
decrease in the damping function is because the chain
reorientation mechanism in eq 10 is suppressed by the
switch function f(λ) f 0 when the chains are highly
stretched immediately after the step strain. Thus,
convective constraint produces significant chain reori-
entation only when the chains both are retracting
relative to the flow and are not highly stretched. Just
after a step strain, during the early stages of chain
retraction, only the first condition is met, while near
the end of chain retraction only the second condition is
met. Hence, both conditions are met simultaneously
only to a small degree, and little chain reorientation
occurs during chain retraction. Thus, when chain
retraction nears completion (λ f 1), the tube segments
that remain are nearly as highly oriented as they were
at the start of retraction.

II.B.4. Steady-State Extension. The predictions
of the model in extensional flows are quite similar to
those of the original DEMG model. For extension,
unlike shear, CCR has a quantitative, but not qualita-
tive, effect on the predictions, because in extension the
extinction angle does not vary with shear rate, and so
there is no delicate balance between chain stretch and
extinction angle, as there is in shear. At steady state,
the model shows three regimes of extension rate: a low
rate, ε̆ < 1/τd, where the viscosity is rate independent
and equal to the Trouton value; an intermediate regime,
1/τd , ε̆ , 1/τs, in which the extensional stress is
constant and equal to the value 3.04GN

0 ; and a high
extension-rate region, ε̆ J 1/τs, where the viscosity
increases with increasing strain rate. The behavior in
the latter two regimes is analyzed at the end of appendix
B. In the second regime, the viscosity is extension
thinning, scaling as ε̆-1. In the third regime, the
extensional viscosity shows a runaway extension thick-

Figure 13. (a) Relaxation of dimensionless shear modulus
G(γ0,t) ≡ σ12/(GN

0 γ0) as a function of dimensionless time t/τs,
after step shear strains of magnitudes γ̆0 of 1, 2, 5, and 10,
from top to bottom, predicted by eqs 10-13 for τd/τs ) 50. (b)
The damping function h(γ0) ≡ G(γ0,t)10τs)/G(γ0)0.25,t)10τs)
is given by the symbols, and the DE theory without the
independent alignment approximation is given by the line.
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ening, becoming singular when ε̆ ) 2/τs. The singular
behavior is a consequence of the dominance of Rouse-
like behavior for ε̆ > 1. For real polymers, finite
extensibility of the chain will cause the strain thicken-
ing to saturate at a finite value of the viscosity.
Extensional flow data on monodisperse, linear polymers
are still lacking, so these unusual predictions, which are
also present in the DEMG model, have not yet been
tested.

In summary, we have shown that this new, simplified
model for constraint release is in excellent qualitative,
and, to some extent, quantitative, agreement with many
of the shear-flow measurements for which earlier rep-
tation models fail, including measurements 1-4 de-
scribed in the Introduction. The simple model does not,
however, alleviate failure number 5; transients in ø after
a stepup or stepdown in shear rate remain monotonic
in the simple constraint-release model presented above.
However, we will now show that this limitation of the
simple model is lifted when the new constraint-release
physics are incorporated into a more complete model
that includes the contour-length-variable and fluctua-
tion effects.

III. Contour-Variable Model

III.A. Formulation. We here present our contour-
variable model incorporating CCR into the DEMG
equations.19,20 These equations contain functions of the
primitive-path contour length variable s, which runs
from -L/2 to L/2, i.e., from one end of the primitive path
to the other. Since the primitive path can stretch, L
may be larger than the equilibrium chain length L0.
Thus, we define the function s(s0) as a mapping s0 f s
of the tube coordinate s0 that runs along the relaxed
tube from -L/2 to L0/2 to the coordinate s of the
stretched tube that runs from -L/2 to L/2.

The tube survival probability function G(s,t,t′) is a
function of s as well as of the present time t and past
time t′; it is the probability that a tube segment located
at s0 at time t′ survives until time t.

The DEMG theory contains four major equations, one
for the tube survival probability function G(s,t,t′), one
for the orientation tensor S(s,t), another for the stretch
function s(s0,t), and a fourth for the stress tensor σ(t) in
terms of G(s,t,t′) and S(s,t). These equations are the
counterparts to eqs 10-13 in the simple model. Another
equation is required to define variables that appear in
the main equations. The equations we propose for the
DEMG equations with CCR are

where 〈v〉 is given by

The boundary and initial conditions are

In eqs 14-17, we have for compactness suppressed
the dependencies of the various functions on s, s0, t, and
t′, except on the left side of the equations. We have also
defined the substantial time derivative of s as s̆. The
tensor Q̂ in eq 15 is the DE strain tensor without the
independent alignment approximation:

In eqs 14 and 16, the curvilinear diffusion coefficient
D is related to the reptation time by τd ) L0

2/π2D. As
earlier, the Rouse stretch time is given by τs ) τd/3N,
where N ) M/Me is the number of entanglements per
chain. The tube velocity v(s,t) is the velocity of the mesh
of constraints surrounding tube segment s relative to
the center of the chain at s ) 0; it is preaveraged over
all surrounding chains and is therefore given as 〈v(s,t)〉,
which can be computed from the velocity gradient tensor
K via eq 18.

The last term in eq 14 describes the effect of CCR on
the orientation probability function. It is the natural
extension of the last term in eq 10 from the simplified
model, where the function f(∂s/∂s0) is the “switch func-
tion”. As we showed earlier, the results are not very
sensitive to the switch function for γ̆τs j 10. For the
calculations in this section, we will use the ad hoc switch
function f ) exp(-(∂s/∂s0)). The last term in eq 16
incorporates CCR into the equation for tube stretch;
again it is the analogue of the corresponding term in
eq 12. Both these terms are evaluated at the tube end
s ) L/2, because constraints are released only when the
end of a neighboring chain is convected through the tube
of the test chain. Also, only one end need be considered;
the effect of the other is included automatically by
symmetry. (The factor of 2 in the constraint-release
terms of eqs 14 and 16 accounts for the two chain ends
if the whole chain is considered and accounts for the
factor of 2 which must divide L if only a half chain with
one chain end is considered.) The other terms are
equivalent to those found in Pearson et al.19 and Mead
and Leal20 and are discussed there. These equations
will also be discussed in more detail in a forthcoming
publication.

Finally, we note that this theory readily admits
inclusion of fluctuations in the length of the primitive
path. As discussed by de Gennes,49 Doi and Kuzuu,50

Pearson and Helfand,51 and Doi and Edwards,18 the rate
of relaxation of a chain segment due to primitive-path-
length fluctuations increases exponentially with dis-
tance from the chain ends. These fluctuations, also
called “breathing” or “concertina” modes, involve migra-
tion of the chain ends into the tube, thus temporarily
creating a higher-than-average density of chain slack
along the primitive path. When the chain end moves
outward again, it is free to follow a path different from
the original one; the portion of the tube vacated during

∂G(s,t,t′)
∂t

) D ∂
2G
∂s2

- 〈v〉 ∂G
∂s

+

f( ∂s
∂s0

)[ 2
L(t)

(s̆ - 〈v〉)s)L/2]G (14)

S(s,t) ) ∫-∞

t
dt′ ∂G

∂t′ Q̂(E(t,t′)) (15)

∂s(s0,t)
∂t

) 〈v〉 + 3ND ∂
2s

∂0
2

- 1
2[ 2

L(t)
(〈v〉 - s̆)s)L/2](s - s0)

(16)

σ(t) ) 15
4

GN
0 1
L0
∫-L0/2

L0/2
ds0 S(s0,t) ( ∂s

∂s0
)2

(17)

〈v(s,t)〉 ) K:∫0

s
S(s′,t) ds′ (18)

G(s,t,t′) ) 0 at s ) -L/2, L/2; G(s,t,t′) ) 1 at t ) t′;
∂s(s0,t)

∂s0
) 1 at s ) -L/2, L/2;

∂s(s0,t)
∂s0

) 1 at t ) 0

Q̂ ≡ 〈E‚u′E‚u′
|E‚u’| 〉0

1
〈|E‚u′|〉0
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the inward breathing motion is forgotten, and the stress
associated with it is relaxed. Deep fluctuations, which
evacuate large portions of the tube, are exponentially
less probable than shallow ones. Thus, this relaxation
process adds a term -G(s,t,t′)/τê(s0) to the right side of
eq 14, where the relaxation time τê is an exponential
function of the relative distance ê from the chain end.
That is

with ê ≡ 1 - 2|s(s0)|/L. For the time constant τ0 we use
the Rouse time of half the chain; i.e., τ0 ) τs/4. A more
accurate prefactor, one which depends on ê, has been
derived by Milner and McLeish.52 The exponent ν was
estimated to be 1.5 by Doi and Kuzuu.50 (The precise
value of ν depends on the convention used in the
definition of the entanglement molecular weight; for the
convention of Fetters et al.53 used here, ν ) 1.5. For
the convention used in Ball and McLeish,15 a value 5/4
times larger is appropriate; namely, ν ) 15/8.) Ball and
McLeish15 showed that fluctuation-induced constraint
release modifies eq 19 by addition of a cubic term in ê
inside the exponential. This cubic term weakens the
dependence of τê on ê, but this effect is small for small
ê, i.e., for the “shallow” fluctuation modes that have the
greatest influence in the present context. Therefore,
here it suffices to retain only the quadratic term.

Thus, the contour-variable theory proposed here
includes reptation as proposed by de Gennes, chain
retraction described by Doi and Edwards and Marrucci
and Grizutti, fluctuation effects borrowed from de
Gennes, Kuzuu and Doi, and Ball and McLeish, and
CCR suggested by Marrucci and Ianniruberto. Three
of these four mechanisms are included in eqs 14-18,
and the fourth, the fluctuation effect, is added by
replacing eq 14 by

Equations 14-18, which neglect fluctuation effects, or
eqs 15-20, which include them, are solved by finite
differencing and numerical integration, as described
elsewhere.20,21 The time step required in the integration
is set by the fastest relaxation process, which for eqs
15-20 is given by eq 19 with ê ) 0. Since time steps
this small would greatly slow down the integration of
the equations, we obtain solutions to eq 20 by first
solving the equation in the absence of fluctuation effects
(i.e., with the last term dropped), and then after each
time step, we multiply this solution for G(s,t,t′) by
exp(-∆t/τê), where ∆t is the time step. This procedure
gives rigorously correct results for chain segments well
away from the chain ends, where ∆t/τê , 1, and was
found by variation of the time-step size to give accurate
results in general, at least for the quantities computed
here.

III.B. Predictions. The results reported in this
section will focus on a single ratio of reptation to Rouse
times, τd/τs ) 50, corresponding to N ≈ 17 entangle-
ments per chain. This matches the conditions of the
experimental results shown in Figures 1 and 2. In this
section, we will make the shear rate and time dimen-

sionless using the more conventional reptation time τd,
rather than the Rouse time τs, which was convenient
in comparing results for different numbers of entangle-
ments in section II.

Figure 14a shows the shear-rate dependence of the
shear stress and first normal stress difference as func-
tions of Weissenberg number Wi ≡ γ̆τd for the theory
without fluctuations; Figure 14b shows the correspond-
ing plot for the extinction angle ø. For comparison,
results from the DEMG theory, which neglects both
fluctuations and CCR, are also shown. Agreement of
the predictions of the contour-variable model with the
experimental data in Figure 1 is very good. It is clear
from Figure 14 that omission of CCR leads to an
excessively steep decrease in ø with increasing shear
rate γ̆ and, consequently, to a decreasing shear stress
as a function of γ̆ at high shear rate.

With CCR, the predictions of the contour-variable
model are very similar to those of the simplified model
described in section II; compare Figure 14 with Figure
7. The predictions are similar because the tube survival
function G(s,t,t′) in the former model is nearly uniform,
except at shallow boundary layers near the free ends of
the molecule. These boundary layers are much shal-
lower when CCR is present than when it is absent, as
discussed in appendix A.

Parts a and b of Figure 15 show the effect on the
steady-state shear stress and the viscosity of including
fluctuations via the last term of eq 20. The fluctuations
reduce the zero-shear viscosity and increase the slope
of the stress versus shear rate curve so that the shear
stress becomes a monotonic function of shear rate.

τê(s0) ≡ τ0 exp(νN
2

ê2) (19)

∂G(s,t,t′)
∂t

) D ∂
2G
∂s2

- 〈v〉 ∂G
∂s

+

f( ∂s
∂s0

)[ 2
L(t)

(s̆ - 〈v〉)s)L/2]G - G
τê(s0)

(20)

Figure 14. (a) Steady-state dimensionless shear stress σ12/
GN

0 and first normal stress difference N1/GN
0 and (b) extinction

angle ø as functions of shear rate γ̆ made dimensionless by
the reptation time τd. The thick lines are from eqs 14-18, for
the contour-variable model including CCR but without fluctua-
tion effects. The thin lines are the predictions of the DEMG
theory, which neglects CCR. In all cases, in this figure and
Figures 15-17, there are N ) 50/3 entanglements per molecule
(thus, τd ) 50τs), and the ad hoc switch function, f(λ) ) exp-
(-(λ - 1)), is used.

Macromolecules, Vol. 31, No. 22, 1998 Fast Flows of Entangled Polymers 7907



Consequently, the shear thinning is reduced. The
increase in the slope of the curve of σ12 versus γ̆ will
depend on the degree of entanglement N. For asymp-
totically large N, the fluctuation effects are killed off
by the exponential dependence of τê on N in eq 19, and
the theory without fluctuations is recovered. Thus, the
slope of the σ12(γ̆) curve is predicted to become flatter
as the entanglement density increases, a prediction in
accord with experimental observations. In addition, the
reduction in zero-shear viscosity η0 produced by fluctua-
tions (Figure 15b) will also disappear at large N. This
implies that at smaller N the dependence of η0 on N
will be somewhat greater than the N3 power law
obtained from reptation alone. A steeper N dependence
of η0 is in accord with experiments, which show the
famous N3.4 power law. For N ) 17, the fluctuations
reduce the longest relaxation time to a value τ1 that is
about 5 times shorter than the reptation time τd. Thus,
the ratio of the longest relaxation time to the Rouse time
is reduced to τ1/τs ) 0.2τd/τs ) 0.2 × 3N ) 10, for the
case N ) 17. This value, τ1/τs ) 10, corresponds roughly
to the value of τ1/τs inferred for the polystyrene solution
described in Figures 1 and 2. Figure 16 shows that the
CCR theory, with fluctuations, makes possible es-
sentially quantitative predictions of the shapes of the
curves of shear stress and first normal stress difference.
There is no room here for further direct comparisons of
experiment and theory, which will therefore be deferred
to a future publication.

The predictions of the nonlinear modulus after a step-
shear strain are shown in Figure 17a. These calcula-
tions omit fluctuation effects, which are not especially
important in this deformation history. Note that, as
expected, the moduli for different strains nearly coincide
at short times, unlike the predictions of the simple
model in Figure 13a, which used the IAA. Figure 17b

shows that when the nonlinear modulus is divided by
the DE damping function h(γ0) (derived without the
IAA), the predictions all nearly collapse onto a single
line at long times, t/τs . 1, in agreement with experi-
ments.

As attractive as these features of the theory are, from
the standpoint of validation of the theory, they are less
important than the predictions for the transients in ø
(see Figure 2), which, as will be recalled from section
II, are not predicted to be nonmonotonic by the CCR
mechanism, when incorporated into the simplified
model. It turns out that these transients are also absent

Figure 15. (a) Dimensionless steady-state shear stress and
(b) dimensionless shear viscosity as functions of γ̆τd predicted
by the contour-variable model, both without fluctuation effects
(thick solid lines: eqs 14-18) and with fluctuation effects
(dashed lines: eqs 15-20). The prediction of the DEMG theory
in part b is given by the thin solid line.

Figure 16. Measurements (symbols) versus predictions (lines)
of the shear stress and first normal stress difference for a 10%
by weight solution of polystyrene of molecular weight 2 million
in tricresyl phosphate at 40 °C using the Rheometrics ARES
rheometer. For the theory, 3N ) 50, which is approximately
the experimental value, and τd ) 2.08 s and GN

0 ) 11 500 dyn/
cm2 were obtained by a best fit to the data. This data set
resolves the low-shear rate behavior better than does the data
set in Figure 1 and so allows more accurate determination of
τd.

Figure 17. (a) Nonlinear modulus G(γ0,t)/GN
0 after step

strains γ0 of magnitudes shown, predicted by the contour-
variable model with no fluctuation effects (eqs 14-18). (b) The
results in part a are divided by the DE damping function h(γ0)
without the independent alignment approximation.
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from the predictions of eqs 13-18 but appear when the
fluctuation effects are included, using eqs 19 and 20.
Figure 18 shows the ø transients predicted in (a) startup
followed by a stepdown in shear rate and (b) steady state
followed by a stepup in rate. The predicted results are
remarkably similar to the experimental transients
reported in Figure 2a,b!

The mechanism of these transients is revealed by
considering the tube stretch λ(s) and orientation ø(s) as
functions of the tube coordinate s after a stepup or
stepdown in shear rate. While a detailed discussion is
beyond the scope of this preliminary paper, we give a
brief summary of our findings here. Examination of λ-
(s) and ø(s) shows that the fluctuations greatly decrease
the orientation at the ends of the chain. In addition,
at high shear rate, γ̆τs > 1, the tube segments are
significantly stretched (λ > 1) to an extent that depends
on shear rate and on the locations along the tube
contour. When the shear rate is suddenly stepped
down, the tube stretching is suddenly reduced. As a
result, chain ends, which are in highly disoriented tube
segments before the stepdown, are drawn into inner
tube segments that are less influenced by fluctuation
effects and hence more aligned. This produces a rapid
increase in average orientation. Eventually, however,
fluctuations and reptation will relax the tube segments
newly occupied by the chain ends, and the average
degree of orientation of the chain will decrease again.
Thus, after a stepdown in γ̆, ø will at first decrease
(corresponding to increased average orientation of tube
segments) and then will increase to a value higher than
the starting value, since the final shear rate is lower
than the initial one.

In the case of a stepup in shear rate, the tube stretch
is immediately increased but is increased nonuniformly
along the tube. The chain segments near the ends of
the molecule experience a greater drag force and so the
tube is stretched more there. However, the segments
near the end have the least orientation. Therefore, the
contribution to the stress and orientation from these
relatively disoriented segments is enhanced at first.
Hence, ø initially increases. However, these stretched
segments are quickly oriented by the flow and retract,
reducing their stress contributions and leading to a
rapid decrease in ø, as observed. The good correspon-
dence of these detailed time-dependent predictions with
experimental results provides significant support for the
model developed here. The results also strongly support
the validity of the tube concept, even in fast flows where
convection continually dissolves and reconstitutes the
tube.

Thus, all of the phenomena described in the Introduc-
tion are captured almost quantitatively by the contour-
variable theory described in section III.B, with one
exception. While the ø undershoot observed on startup
of shearing flow from a state of rest (Figure 2a) is indeed
predicted by the contour-variable theory, it is predicted
to be so small an effect that it does not show up in
Figure 18a. Exploration of possible reasons for this
shortcoming of the theory will be left to future work.

IV. Summary

We have extended the DEMG theory for the nonlinear
rheological properties of entangled, flexible polymers by
including a mechanism of CCR, inspired by ideas of
Marrucci and Ianniruberto. With this mechanism,
constraints that define a tube disappear (and are
renewed) at a rate proportional to the rate of retraction
of the chains defining the tube. When a constraint is
thereby released, the orientation of the corresponding
tube segment is randomized if the chain within it is
slack, but if the chain is taut, the tube segment
disappears, thereby shortening the tube. With these
mechanisms of constraint release, the resulting theory
captures many of the prominent nonlinear rheological
properties of entangled flexible polymers under fast
flows, i.e., at shear rates γ̆ greater than the inverse
reptation time 1/τd. These are shear rates for which the
DE and DEMG theories fail.

The rheological phenomena captured by the new
theory include a nearly constant shear stress as a
function of shear rate γ̆ for γ̆ greater than the inverse
reptation time and a first normal stress difference that
increases with a power of unity or less in this shear-
rate range. These steady-state phenomena had already
been described by a simple theory of Marrucci and
Ianniruberto. Our more complete theory also predicts
transient phenomena, including an initial rate of stress
relaxation after cessation of steady shear that increases
with shear rate, and nonmonotonic transients in extinc-
tion angle ø on stepup or stepdown in the shear rate.
Successful features of the DEMG theory, such as the
response to a step-shear strain and overshoots in shear
stress and first normal stress difference on shear
startup, are retained in the new theory.

The general theory can be written in a simplified form
in which it is assumed that all parts of the molecule
share the same orientation and degree of stretch or in
a contour-variable form in which orientation and stretch
are functions of the tube coordinate. Both versions of

Figure 18. Time-dependent extinction angle ø as a function
of time after startup of steady shearing flow and attainment
of steady state followed by (a) a stepdown in dimensionless
shear rate γ̆τs from 2 to 0.4 and from 2 to 0.2 and (b) a stepup
in dimensionless shear rate γ̆τs from γ̆τs ) 1 to 4 and from 1
to 12, as predicted by the contour-variable model with fluctua-
tions (eqs 15-20).
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the theory yield qualitatively similar predictions, except
that the ø transients are only captured in the contour-
variable theory and only then when primitive-path-
length fluctuations are included. A subsequent paper
will describe how both the simplified and the contour-
variable versions of the theory can be extended to
account for polydispersity.
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Appendix A: Constraint-Release Mechanism of
Relaxation and Boundary-Layer Analysis

In this appendix, we describe the process of stress
relaxation during fast, steady flows (γ̆ . 1/τd) of
entangled polymers and explain why the simplified
model of section II captures the basic phenomena nearly
as well as the more complete contour-variable model of
section III.

In Figure 19, we plot the steady-state tube survival
probability function G(s0,t) of the contour-variable model
as a function of the tube coordinate s0 at various times
t after creation of the tube segment at time t′ ) 0. (We
assume that the flow began at some time in the remote
past; i.e., at -∞.) G(s0,t) is calculated from eq 14 for a
melt with N ) 16.7 entanglements (τd ) 50τs) and a
steady shear rate of γ̆ ) 50/τd, both with and without
the constraint-release term. Thus, in this example
calculation, the flow is fast compared to the orienta-
tional relaxation rate but not fast enough to generate
significant lengthening of the tube. Hence, while the
results are plotted against the unstretched tube coor-

dinate s0, nearly identical results would be obtained by
plotting against the stretched tube coordinate s.

The thick lines in Figure A1 show G(s0,t) with no
CCR, while for the thin lines CCR is turned on. In the
absence of CCR, reptation of the chain out of the tube
is the only mechanism by which occupied tube segments
are lost. Hence, diffusion occurs from the chain ends
inward, as is evident from the boundary-layer structure
of the function G(s0,t), where G remains near unity,
except near the chain ends. Even as the time t
increases, diffusion is unable to reduce significantly the
value of G in the center of the tube, because the tube
segments most affected by diffusion are convected off
the end of the chain, while the few segments that
started near the tube center are stretched in length so
that they comprise almost the entire contour length
from -L/2 to L0/2. As these segments are stretched,
they carry their high survival probability with them,
which remains near unity. Thus, like a guppy trying
to swim randomly against the jet from a fire hose,
diffusive penetration of the boundary layers toward the
tube center is overwhelmed by the rapid convection and
stretching of central tube segments, which presses the
boundary layers back toward the chain ends; see Figure
20 (top).

When CCR is present, the situation is entirely dif-
ferent, however, as shown by the thin lines in Figure
19. Tube segments are lost not just at the chain ends
but along the entire length of the tube. Hence, there is
a dominant central region where G is independent of
s0, and the height of this central region is eroded with
time t. Thus, with CCR, reptative diffusion from the
chain ends is almost irrelevant. Instead, orientational
relaxation occurs by the combination of CCR and
probability convection along the tube. At large t, tube
segments created anywhere except near the center of
the tube have been swept off the end of the tube. The
surviving tube segments are therefore those few seg-
ments that began near the center of the tube at time 0
and so still reside on the tube at time t. These segments

Figure 19. Tube survival probability G(s,t) versus tube
coordinate s for tube segments created at time 0 in a steady-
state shearing flow with γ̆τd ) 50 and τd/τs ) 50. The thick
lines are predictions of the DEMG theory with no CCR; the
thin lines are the predictions of eq 14 with CCR.

Figure 20. Illustration of the process of relaxation when (top)
no CCR is present, so that reptation is the only mechanism of
relaxation, and (bottom) when CCR is the dominant mecha-
nism of relaxation.
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have been stretched to nearly the entire length of the
occupied tube and have been acted on by CCR for a
relatively long time, long enough to greatly reduce their
survival probability at large t. Thus, with CCR present,
loss of tube survival probability occurs by constraint
release on central tube segments as they are convected
outward. This contrasts with the inward diffusive
mechanism of relaxation in the absence of CCR; see
Figure 20.

The near uniformity of the tube survival probability
G(s0,t) explains the accuracy of the simplified model,
which neglects dependences on the chain contour vari-
able. We can make this explanation more precise by
doing a boundary-layer analysis on eq 14. In dimen-
sionless form, this equation is

where the dimensionless quantities are defined as

Note that the time has been multiplied by the shear rate
in accord with Marrucci and Ianniruberto’s arguments
for fast flows.2,5 The solution to this equation is
controlled by the magnitude of the dimensionless quan-
tity γ̆τd. If we restrict consideration to flows that are
fast enough that CCR is important yet slow enough that
chain stretching is unimportant, ∂s*/∂s0

/ ) 1, and the
analysis is greatly simplified. Thus, at steady state with
no stretch, eq A1 simplifies to

The boundary conditions are

At long times (to be defined shortly), eq A3 can be
solved by separation of variables:

This separation of variables implies that although the
height of the curve G(s*,t*) decreases with time, its
shape remains constant. Substituting eq A4 into eq A3
gives

The value of the constant can be determined by noting
that on the centerline of the tube the velocity is
identically zero. Since γ̆τd is large, both terms on the
right side of eq A5 are very small on the centerline and
hence nearly zero everywhere. This allows us to solve
for the function T(t*):

Thus, the tube survival probability decreases exponen-
tially because of CCR.

The equation for S(s*) becomes

For steady-state shearing flow, the relative tube velocity
is approximately a linear function of s*:

Given the large magnitude of γ̆τd, eq A7 has the
structure of a singular perturbation problem and can
be solved using a matched asymptotic expansion. The
approximate dimensionless thickness of the boundary
layer δ* can be determined by balancing the two terms
within the boundary layer, giving

with

Combining eqs A9 and A10 with eqs A4 and A6 and
restoring dimensional quantities give the complete
solution:

This boundary-layer solution is valid once the bound-
ary layer has been established by diffusion in from the
end of the tube. The dimensionless time tdiff/τd for this
to occur is roughly

For the case treated in Figure 19, γ̆τd ) 50 and using
the result from appendix B that S12 ≈ 0.12 in the
intermediate shear rate regime, we find that the bound-
ary-layer structure is established very rapidly, in a
dimensionless time of only tdiff/τd ≈ 0.004. The dimen-
sionless depth δ/L0 of the boundary layer, from eq A11,
is around 0.03, which agrees with the exact results
shown in Figure 1. At moderate or large t/τd, the
boundary layer is therefore much shallower than that
for pure reptation; compare the thin and thick lines in
Figure 19 for t/τd ) 4. The shallowness of the boundary
layer when CCR is present means that the survival
probability G(s,t,t′) is nearly uniform across almost the
entire tube. Hence, the dependence of G on s can be
neglected to a good approximation in fast flows. Neglect
of the dependence on s leads to the simplified model
described in section II. The shallowness of the boundary
layer explains why the simplified model gives almost
the same predictions as the “contour-variable" model,
at least when contour-length fluctuations are neglected.

Appendix B: Steady-State Behavior
1. Shear. Some analytical and semianalytical results

can be derived from the simple CCR constitutive equa-
tion (10)-(13) in steady-state shearing flows. First, we
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rewrite eqs 10 and 11 by defining a relaxation time τ
as

Equation 11 can then be written as

Defining R ≡ γ̆τ, and assuming steady state, eq B1,
when divided by γ̆, becomes

where S12 is given by eq 11. Defining x ≡ γ̆(t - t′), this
becomes

Finally, eq 12 reduces to

To obtain the asymptotic behavior of the function I(R),
notice that

Therefore, for R , 1,

and for R . 1,

This last result can be shown as follows. First break
the integral in eq B4 into two pieces:

The first integral in eq B10 approaches a constant when
R f ∞. Defining y ≡ x/R, the second integral can be
integrated by parts:

Now we consider the limit of 3N ) τd/τs . 1. In this
case, there is an intermediate region of shear rate γ̆ for

which 1/τd , γ̆ < 1/τs. In this limit we can set γ̆τd ) ∞
with γ̆τs ) 0 in eqs B3-B5. This gives

and

where R* is the solution to

A numerical solution of this equation gives

The value of S11 - S22 can be obtained by replacing Q12
in eq B4 with Q11 - Q22 and integrating, using R ) R*.
Since σ ) 5GN

0 S, this gives for the intermediate shear-
rate region

In the high-shear-rate regime, where γ̆τs J 1, eq B3
becomes

Using eq B9 and S12 ) I(R), we find that

Substituting this into eq B5, we have

We now write

where c(γ̆) is the inverse of the right side of eq B21:

We note that c(γ̆) depends very weakly on γ̆. If we take
it to be almost a constant, using eqs B19, B20, and B22,
we obtain

S11 - S22 is nearly unity. We can evaluate the near-
constant c by setting R ) R* ) 8.1 in eq B23. This gives
c ≈ 3.88 for f(λ) ) exp(-(λ - 1)), and c ≈ 2.96 for f(λ) )

λ ) 1 (B14)

S12 ) I(R*) (B15)

R*I(R*) ) 1 (B16)

R* ) 8.1; S12 ) 0.123 (B17)

S12 ) 0.123; S11 - S22 ) 0.669

σ12/GN
0 ) 0.615; N1/σ12 ) 5.44

ø ) 0.5 tan-1[2S12/(S11 - S22)] ) 10.1° (B18)

1
R

) f(λ) S12 (B19)

λ ) 1 + ln(ln(R)), for f(λ) ) e-(λ-1)

λ ) ln(R), for f(λ) ) 1/λ (B20)

γ̆τs

R
)

ln(ln R)
ln R[(1 + 0.5ln(ln R)]

, for f(λ) ) e-(λ-1)

γ̆τs

R
)

2(ln(R) - 1)
ln R(ln(R) + 1)

, for f(λ) ) 1
λ

(B21)

R ) c(γ̆) γ̆τs (B22)

c(γ̆) )
ln R[(1 + 0.5ln(ln R)]

ln(ln(R))
, for f(λ) ) e-(λ-1)

c(γ̆) )
ln R(ln(R) + 1)

2(ln(R) - 1)
, for f(λ) ) 1

λ
(B23)

S12 )
ln(cγ̆τs)

cγ̆τs
(B24)

1
τ

) 1
λ2τd

+ f(λ)(K:S - λ̇
λ) (B1)

S ) ∫-∞

t dt′
τ(t′)

exp[-∫t′

t dt′′
τ(t′′)]Q(E(t,t′)) (B2)

1
R

) 1
λ2τdγ̆

+ f(λ) S12 (B3)

S12 ≡ 1
R∫0

∞
dx exp(-x/R)Q12(x) ≡ I(R) (B4)

1
2
(λ + 1)γ̆τsS12 ) λ - 1 (B5)

Q12(x) ) x
5

(for x , 1) (B6)

Q12(x) ) 1
x

(for x . 1) (B7)

I(R) ) 1
R∫0

∞
dx exp(-x/R)x

5
) R

5
(B8)

I(R) ) ln R
R

(B9)

I(R) ) 1
R[∫0

∞
dx exp(-x/R)(Q12(x) - 1

x + 1) +

∫∞

0
dx exp(-x/R) 1

x+1] (B10)

∫0

∞
dx exp(-x/R) 1

x + 1
) ∫0

∞
dy exp(-y) 1

y + 1/R
(B11)

) [ln(y + 1
R)e-y] 0

∞ + ∫0

∞
dy ×

exp(-y) ln(y + 1/R) (B12)

) ln R + const (B13)
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1/λ. We can obtain ø in this high-shear-rate regime from
the ratio S12/(S11 - S22), as usual. The stress tensor σ
is 5GN

0 times the S tensor.
Summarizing, for the high-shear-rate region, we

obtain

where we can take c ≈ 3.88 for f(λ) ) exp(-(λ - 1)) and
c ≈ 2.96 for f(λ) ) 1/λ. For γ̆τs ) 100, these formulas
give λ ) 2.79, ø ) 0.9°, σ12/GN

0 ) 0.60, and N1/GN
0 ) 39

for f(λ) ) exp(-(λ - 1)) and λ ) 5.69, ø ) 1.1°, σ12/GN
0 )

3.11, and N1/GN
0 ) 162 for f(λ) ) 1/λ. These values are

in reasonable agreement with the results plotted in
Figures 7 and 8.

2. Uniaxial Extension. For uniaxial extension with
“1” stretch direction, eq B3 is modified to

where R ≡ ε̆τ, with ε̆ the rate of uniaxial strain. S11 -
S22 is given by

The counterpart to eq B5 is

For intermediate strain rates, 1/τd , ε̆ , 1/τs, λ ) 1,
and S11 - S22 ) I(R*), where R* is the solution to R*I(R*)
) 1. A numerical solution gives R* ) 1.65 and S11 -
S22 ) 0.607. Hence, the dimensionless extensional
stress is (σ11 - σ22)/GN

0 ) 5(S11 - S22) ) 3.04.
At high extension rates, S11 - S22 f 1. The solution

to eq B30 is then

This produces “run-away” chain stretching at an exten-
sion rate ε̆ ) 2/τs.

Appendix C: Step-Shear Behavior
After a step shear, eqs B1 and 12 reduce to

The solution of eq C2 with the initial condition λ(0) )
λ0, which is the stretch immediately after the step, is

The asymptotic behavior of this equation is

Thus, for t . τs, λ(t) quickly approaches unity.
At time t after the step shear strain γ0, eq B2 for the

tensor S reduces to

Using eq C1, this can be rewritten as

where

with

and

Since λ(t) approaches unity for t . τs, g1(t,γ0) has the
following asymptotic form:

where

On the other hand, by using eq C2, eq C10 can be
written as

λ ) 1 + ln(ln(cγ̆τs)), for f(λ) ) e-(λ-1)

λ ) ln(cγ̆τs), for f(λ) ) 1/λ (B25)

ø ≈ ln(cγ̆τs)
cγ̆τs

(B26)

σ12

GN
0

) 5λ2ln(cγ̆τs)
cγ̆τs

;
N1

GN
0

) 5λ2 (B27)

1
R

) 1
λ2τdγ̆

+ e-(λ-1)(S11 - S22) (B28)

S11 - S22 ≡ 1
R∫0

∞
dx exp(-x/R)[Q11(x) - Q22(x)] ≡ I(R)

(B29)

1
2
(λ + 1)ε̆τs(S11 - S22) ) λ - 1 (B30)

λ )
1 + ε̆τs/2
1 - ε̆τs/2

1
τ

) 1
λ2τd

- λ̇
λ
f(λ) (C1)

λ̇ ) - λ - 1
τs

+ λ̇
2λ

(λ - 1) (C2)

λ - 1
λ0 - 1xλ0

λ
) exp(-t/τs) (C3)

λ(t) ) λ0(1 -
2(λ0 - 1)

λ0 + 1
t
τs

); for t , τs (C4)

λ(t) ) 1 +
λ0 - 1

xλ0

exp(-t/τs); for t . τs (C5)

S ) exp(-∫0

t dt′
τ(t′))Q(γ0) (C6)

S ) exp(-g(t,γ0))Q(γ0) (C7)

g(t,γ0) ) ∫0

t dt′
τ(t′)

) g1(t,γ0) + g2(t,γ0) (C8)

g1(t,γ0) ) ∫0

t dt′
τdλ2(t′)

(C9)

g2(t,γ0) ) -∫0

t
dt′

λ̇(t′)
λ(t′)

f(λ(t′)) (C10)

g1(t,γ0) ) 1
τd

(t - C1(γ0) τs)) (C11)

C1(γ0) ) 1
τs
∫0

∞
dt (1 - 1

λ2) ) 1
τs
∫λ0

1(1 - 1
λ2) dλ

λ̇
)

∫1

λ0(λ + 1)2

2 λ3
dλ

) 1
2[ln(λ0) - 2( 1

λ0
- 1) - 1

2( 1
λ0

2
- 1)]

(C12)

g2(t,γ0) ) ∫λ(t)

λ0 dλ
f(λ)
λ

(C13)
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For t . τs, λ(t) ≈ 1. Therefore, g2(t,γ0) may be ap-
proximated as

C2(γ0) is an increasing function of γ0. It starts with
0 when γ0 f 0 and approaches the asymptotic value

In summary, the stress for t . τs is written as

where

with

and

and hDE(γ0) is the original DE damping function; i.e.,
hDE(γ0) ≡ Q12(γ0)/γ0.

Finally, λ0(γ0) is obtained from the solution of eq 12
with γ̆τs f ∞. This gives
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MA980127X

g2(t,γ0) ) C2(γ0) ) ∫1

λ0dλ
f(λ)
λ

(C14)

C2(∞) ) ∫1

∞
dλ

f(λ)
λ

) 0.5963, for f(λ) ) exp(-(λ - 1))

) 1, for f(λ) ) 1/λ (C15)

σ12(t,γ0) ) GN
0 γ0hDE(γ0) hCR(γ0) exp(-t/τd) (C16)

hCR(γ0) ) exp(C1(γ0) τs

τd
- C2(γ0)) (C17)

C1(γ0) ) 1
2[ln(λ0) - 2( 1

λ0
- 1) - 1

2( 1
λ0

2
- 1)] (C18)

C2(γ0) ) ∫1

λ0(γ0)
dλ

f(λ)
λ

(C19)

λ0(γ0) ) exp(∫0

γ0dγ Q12(γ)) (C20)
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